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Homogeneous BMO , pointwise multiplier
, .
$f\in L^{p_{1}}(x)$ $fg\in L^{p_{2}}(X)$ $g$ $L^{p_{1}}(X)$
$L^{\mathrm{P}2}(X)$ pointwise multiplier $L^{p_{1}}(x)$ $L^{p_{2}}(X)$ pointwise multiplier
$PWM(L^{p1}(x), L^{p2}(X))$ $X$ $\sigma$- , $1/p_{1}+$
$1/p_{3}=1/p_{2}$ , $g$ $L^{\mathrm{P}1}(X)$ $L^{p_{2}}(x)$ pointwise multiplier ,
$g\in L^{p_{3}}(X)$
$PWM(L^{p_{1}}(X), L^{p2}(x))=L^{p}3(X)$ .
, BMO pointwise multiplier
$\mathrm{t}$
, $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)$ , Lipschitz
, pointwise multiplier , Lipschitz pointwise multiplier
$X=(X, d, \mu)$ Coifman-Weiss homogeneous $d$
, $\mu$
$d(x, y)\leq K_{1}(d(x, \mathcal{Z})+d(z, y))$ , $x,$ $y,$ $z\in X$ ,
$0<\mu(B(x, 2r))\leq K_{2}\mu(B(X, r))<\infty$, $x\in X,$ $r>0$
,
$|d(x, z)-d(y, \mathcal{Z})|\leq K_{3}(d(x, \mathcal{Z})+d(y, z))^{1-}\alpha_{d}(x, y)^{\alpha}$ , $x,$ $y,$ $z\in X$
, $B(x, r)$ $x\in X$ , $r>0$ , $K_{i}>0(i=1,2,3),$ $0<$
$\alpha\leq 1$ $x,$ $y,$ $z\in X,$ $r>0$
$\mathbb{R}^{n}$
$1\leq p<\infty,$ $\phi(x, r)$ : $X\mathrm{x}\mathbb{R}_{+}arrow \mathbb{R}_{+}$ , $B=B(X, r)$ $\phi(B)=\emptyset(x, r)$
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$f_{B}= \mu(B)^{-}1\int_{B}f(x)d\mu$
$\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)=\{f\in L_{1}^{p_{\mathrm{O}}}(\mathrm{C})x$ : $\sup_{B}\frac{1}{\phi(B)}(\frac{1}{\mu(B)}\int_{B}|f(x)-f_{B}|pd\mu)1/p<\infty\}$ ,
$||f||_{\mathrm{B}} \mathrm{M}\mathrm{O}_{\phi,\mathrm{p}}=\sup_{B}\frac{1}{\phi(B)}(\frac{1}{\mu(B)}\int_{B}|f(x)-fB|^{p}d\mu)1/p$ ,
$||f||_{\mathrm{b}\mathrm{m}\circ}\phi,\mathrm{p}=||f||_{\mathrm{B}}\mathrm{M}\mathrm{O}_{\phi,\mathrm{p}}+|fB(x0,1)|$ for fixed $x_{0}\in X$
$\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(x)=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,1}(x),$ $\mathrm{b}\mathrm{m}\mathrm{o}(X)=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(x)$ for $\phi=1$
$x_{1}\in X$ , $||f||_{\mathrm{b}\mathrm{m}}0_{\phi,p}$ $||f||_{\mathrm{B}\mathrm{M}}0_{\phi,\mathrm{p}}+|fB(x_{1},1)|$ , $\mu(X)<+\infty$
, $||f||_{\mathrm{b}\mathrm{o}_{\phi,p}}\mathrm{m}$ $||f||_{\mathrm{B}\mathrm{M}}0_{\phi,\mathrm{p}}+||f||_{L^{\mathrm{p}}}$
$\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)$ ( $||f||_{\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,\mathrm{p}}}$ Banach $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}1,\mathrm{P}1(X)$
$\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2,p}2}(x)$ pointwise multiplier ,






$L_{\phi,p}(x)=\{f\in L_{1}p_{\mathrm{O}\mathrm{C}}(x)$ : $\sup_{B}\frac{1}{\phi(B)}(\frac{1}{\mu(B)}\int_{B}|f(x)|pd\mu)^{1/}p<\infty\}$ ,
$||f||_{L_{\phi,p}}= \sup_{B}\frac{1}{\phi(B)}(\frac{1}{\mu(B)}\int_{B}|f(x)|pd\mu)^{1/}p$
$L_{\phi}(X)=L_{\phi,1}(x)$
$\Lambda_{\phi}(X)=\{f$ : $\sup_{Xx,y\in}\frac{2|f(_{X})-f(y)|}{\phi(x,d(x,y))+\phi(y,d(y,X))}<\infty\}$ ,
$||f||_{\Lambda_{\phi}}= \sup_{x,y\in x}\frac{2|f(_{X})-f(y)|}{\phi(x,d(X,y))+\emptyset(y,d(y,X))}$
$\phi(x, r)=r^{\alpha}(0<\alpha\leq 1)$ , $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(\mathbb{R}^{n})=\Lambda_{\phi}(\mathbb{R}^{n})=\mathrm{L}\mathrm{i}\mathrm{p}_{\alpha}(\mathbb{R}^{n})$
$\phi$
$\frac{1}{A_{1}}\leq\frac{\phi(a,s)}{\phi(a,r)}\leq A_{1}$ , $\frac{1}{2}\leq\frac{s}{r}\leq 2$ , (1)
$\frac{\phi(a,r)}{r^{\alpha}}\leq A_{2}\frac{\phi(a,s)}{s^{a}}$ $0<s<r$ , (2)
$\int_{0}^{r}\mu(B(a, t))^{1/p_{\frac{\phi(a,t)}{t}}}dt\leq A3\mu(B(a, r))1/p\phi(a,r)$ , $r>0$ , (3)
$\frac{1}{A_{4}}\leq\frac{\phi(a,r)}{\phi(b,r)}\leq A_{4}$ , $d(a, b)\leq r$ , (4)
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$A_{i}>0(i=1,2,3,4)$ $r,$ $s>0,$ $a,$ $b\in X$ ,
$B_{1}\subset B_{2}\Rightarrow\phi(B_{1})\leq A_{5}\emptyset(B_{2})$ (5)




$B(x_{0}, K_{4}r)\backslash B(x_{0}, r)\neq\emptyset$, $r>R_{0}$ , (6)
$\int_{R_{0}}^{r}\mu(B(x0, t))\frac{\phi(x_{0},t)p}{t}dt\leq A_{6}\mu(B(x0, r))\phi(X0, r)p$ , $r>R_{0}$ . (7)
$\geq 0,$ $K_{4}.>1,$ $A_{6}>0$ $r$ (6)
$\mu(B(x_{0}, r))\leq\frac{1}{2}\mu(B(x_{05}, Kr))$ , $r>R_{0}$ (8)
$\phi(x_{0}, r)=1$ (6) (7) (6) ,
$\mu(B(x0, r))\phi(X_{0}, r)^{p\epsilon \mathrm{i}’}+\leq A_{7}\mu(B(X_{0}, S))\phi(x_{0}, s)^{p\epsilon’}+$ , $R_{0}<r<s$ . (9)
(7)
$\phi_{i}(i=1,2,3)$
$\Phi_{i}^{*}(a, r)=\int_{1}^{\mathrm{m}\mathrm{a})\mathrm{c}}(2,d(x0,a),r)\frac{\phi_{i}(X_{0},t)}{t}dt,$ $\Phi_{i}^{**}(a, r)=\int_{r}^{\max(2,d(x0,a),r)}\frac{\phi_{i}(a,t)}{t}dt$
Theorem 1 $\phi_{1}$ $p_{1}$ (1) $\sim(\mathit{5})$ , $\phi_{2}$ (1), (4), (5) ,
$(\Phi_{2}^{*}+\Phi_{2}^{**})/\phi_{2}\leq C(\Phi_{1}^{*}+\Phi_{1}^{**})/\phi_{1}$ $\mu(X)=+\infty$ ( $\phi=\phi_{2}/\phi_{1}$ ,
$p=1+\epsilon$ ( \mbox{\boldmath $\phi$}3=\mbox{\boldmath $\phi$}2/(\Phi *1+\Phi
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(1x), \mathrm{b}\mathrm{m}\mathrm{o}\phi 2(X))=\mathrm{b}\mathrm{m}\mathrm{o}\phi 3(x)\cap L_{\phi_{2/\emptyset}}1(x)$.
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(1x), \mathrm{b}\mathrm{m}\mathrm{o}\phi_{2}(X))$ ( $||g||_{\mathrm{B}\mathrm{M}\mathrm{o}_{\phi_{3}}}+||g||_{L_{\phi}}2/\phi_{1}$
Corollary 1 $\Phi_{3}^{*}+\Phi_{3}^{**}\leq C\phi_{2}/\phi_{1}$ ,
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi 1(X), \mathrm{b}\mathrm{m}\mathrm{o}\phi 2(x))=\mathrm{b}\mathrm{m}\mathrm{o}\phi_{3}(x)$ .
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(1X), \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2}}(x))$ $||g||_{\mathrm{b}\mathrm{m}}0_{\phi}3$
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Corollax $\mathrm{y}2\mu(X)<+\infty$ $\phi_{1}$ $p_{1}$ (1) $\sim(\mathit{5})$ , $\phi_{2}$ (1), (4), (5)
, $\phi_{1}/\phi_{2}$ (5) ,
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{1}}(X), \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2}}(X))=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{3}}(X)\cap L_{\phi_{2/}}\emptyset 1(x)$ .
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi 1(x), \mathrm{b}\mathrm{m}\mathrm{o}\phi_{2}(X))$ $||g||\mathrm{B}\mathrm{M}\mathrm{O}\phi 3+||g||L_{\phi_{2/\phi}}1$
Corollary 3 Corollary 2 $\Phi_{3}^{**}\leq C\phi_{2}/\phi_{1}(r<1)$ ,
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi_{\text{ }}(x), \mathrm{b}\mathrm{m}\mathrm{o}\phi 2(x))=\mathrm{b}\mathrm{m}\mathrm{o}\phi_{3}(X)$.
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi_{1}(X), \mathrm{b}\mathrm{m}\mathrm{o}\phi 2(X))$ $||g||_{\mathrm{b}\mathrm{m}}0_{\phi_{3}}$
Corollary 4Corollary 2 $\Phi_{1}^{**}\leq C(r<1)$ ,
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(1x), \mathrm{b}\mathrm{m}\mathrm{o}\phi_{2}(X))=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2}}(X)$ .
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi_{1}(X), \mathrm{b}\mathrm{m}\mathrm{o}\phi 2(X))$ $||g||_{\mathrm{b}}\mathrm{m}\mathrm{o}_{\phi_{2}}$
Theorem 2 $1<p_{2}<p_{1}<\infty$ , $PlP\mathit{2}\geq p_{1}+p_{2}$ . $\phi_{1},$ $p_{1}$ (1) $\sim(\mathit{4})$ , $\phi_{2}$
(1), (4) , $(\Phi_{2}^{*}+\Phi_{2}^{**})/\phi_{2}\leq C(\Phi_{1}^{*}+\Phi_{1}^{**})/\phi_{1}$ $\mu(X)=+\infty$
( $\phi=\phi_{2}/\phi_{1},$ $p=_{P1}/(p_{1}-1)$ (7) $\phi_{3}=\phi_{2}/(\Phi_{1}*+\Phi_{1}^{**})$
(5)
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi\text{ },p_{\text{ }}(x),$ $\mathrm{b}\mathrm{m}\mathrm{o}\phi_{2},p2(X))=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 3}(x)\mathrm{n}L_{\phi}2/\phi_{1}(x)$.
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi_{1},p1(x),$ $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi p2}2,(X))$ ( $||g||_{\mathrm{B}\mathrm{M}\mathrm{O}_{\phi_{3}}}+||g||_{L\psi/\phi_{1}}2$
Corollary 5 $\Phi_{3}^{*}+\Phi_{3}^{**}\leq C\phi_{2}/\phi_{1}$ ,
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1,p_{1}}(X), \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2}},(p_{2}X))=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 3}(X)$ .
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1,p}(1x), \mathrm{b}\mathrm{m}\mathrm{o}_{\phi 2p2},(X))$ $||g||_{\mathrm{b}\mathrm{o}_{\phi_{3}}}\mathrm{m}$
Theorem 3 $1\leq p_{2}\leq p_{1}<\infty$ $\phi_{1},$ $p_{1}$ ( (1)$\sim(\mathit{4})$ , $C^{-1}\leq\phi_{1}/\phi_{2}\leq C$
$\mu(X)=+\infty$ ( $\phi_{3}=\phi_{2}/(\Phi_{1}^{*}+\Phi_{1}^{**})$
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(1,p_{1}X),$ $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 2,p2}(X))=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{3,p}2}(x)\cap L^{\infty}(X)$ .
\rangle $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi_{1},\mathrm{P}1(x),$ $\mathrm{b}\mathrm{m}\mathrm{o}\phi_{2},p_{2}(X))$ $||g||\mathrm{B}\mathrm{M}\mathrm{o}_{\phi}3,\mathrm{p}2+||g||_{L}\infty$
Corollary 6(Nakai and Yabuta [7]) $\phi,$ $P$ (1) $\sim(\mathit{4})$ , $\mu(X)=+\infty$
( $\psi=\emptyset/(\Phi^{*}+\Phi^{**})$
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi},p(X),$ $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X))=\mathrm{b}\mathrm{m}\mathrm{o}_{\psi,\mathrm{p}}(x)\cap L^{\infty}(X)$ .
, $g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi},(pX),$ $\mathrm{b}\mathrm{m}\mathrm{o}\emptyset,p(X))$ $||g||_{\mathrm{B}\mathrm{M}}0_{\psi,p}+||g||_{L}\infty$
Theorem 4 $1\leq p_{i}<\infty,$ $\phi_{i}(x, r)=\phi_{i}(r)(i=1,2)$ $\phi_{1}$ (1) $\sim(\mathit{3})$ , $\phi_{2}$
(1) , $\phi_{2}(r)/\phi_{1}(r)arrow 0(rarrow 0)$
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1,p}(1X), \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2,p2}}(X))=\{0\}$ .
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2.2
, Theorem 1 Corollary
$X=\mathbb{T}^{n}$ $0\leq\beta_{2}<\beta_{1}.<1$
.
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}(\log(1/r))^{-}\beta_{1}(\mathbb{T}^{n}), \mathrm{b}\mathrm{m}\mathrm{o}_{(0}\mathrm{l}\mathrm{g}(1/r))-\beta 2(\mathbb{T}n))=\mathrm{b}\mathrm{m}\mathrm{o}(\log(1/r))\beta 1-\beta_{2}-1(\mathbb{T}^{n})$ .
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{(\mathrm{g}}\mathrm{l}\mathrm{o}(1/r))-1/2(\mathbb{T}^{n})$ , bmo $(\mathbb{T}^{n}))=\mathrm{b}\mathrm{m}\mathrm{o}_{(\log(}1/r))-1/2(\mathbb{T}n)$.
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}(\log(1/r))-1(\mathbb{T}^{n}), \mathrm{b}\mathrm{m}\mathrm{o}(\mathbb{T}n))=\mathrm{b}\mathrm{m}\mathrm{o}(\log\log(1/r))-1(\mathbb{T}^{n})$ ,







$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{r}\beta 1(\mathbb{T}^{n}), \mathrm{b}\mathrm{m}\mathrm{o}\beta r2(\mathbb{T}^{n}))=\mathrm{b}\mathrm{m}\mathrm{o}_{r^{\rho_{2}}}(\mathbb{T}^{n})$ .
$\mathrm{b}\mathrm{m}\mathrm{o}_{r^{\beta}}(\mathbb{T}^{n})=\mathrm{L}\mathrm{i}\mathrm{p}_{\beta}(\mathbb{T}^{n})$ .
$X=\mathbb{R}^{n}$
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}(\mathbb{R}n), \mathrm{b}\mathrm{m}\mathrm{o}(\mathbb{R}n))=\mathrm{b}\mathrm{m}\mathrm{o}_{(\mathrm{l}}|a|+r+1/r))-1(\mathrm{o}\mathrm{g}(\mathbb{R}^{n})\mathrm{n}L\infty(\mathbb{R}^{n})$ . (11)
$0<\beta_{2}<\beta_{1}\leq 1$
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{r^{\beta_{1}}}(\mathbb{R}n), \mathrm{b}\mathrm{m}\mathrm{o}\beta_{2}(r\mathbb{R}n))=\mathrm{b}\mathrm{m}\mathrm{o}_{\frac{r^{\beta_{2}}}{(2+|a|+r)\beta 1}}(\mathbb{R}n)\cap L_{r}\rho 2-\rho_{1}(\mathbb{R}^{n})$
.
$0<\beta 1,$ $\beta_{\mathit{2}}\leq 1$
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}(2+|a|+r)\beta_{1}(\mathbb{R}n), \mathrm{b}\mathrm{m}\mathrm{o}_{(+}2|a|+r)\beta_{2}(\mathbb{R}n))$
$=$ bmo $(21_{\text{ }}\mathrm{g}+|\Phi|(|0|+r)\beta 2-\beta 1+r+1/r)(\mathbb{R}^{n})\mathrm{n}L_{(2+|}a|+r)^{\beta_{21}}-\beta(\mathbb{R}n)$ .
(10) Janson [2] , (11) Nakai and Yabuta [6]
Theorem 2 Corollary
$-1<\beta_{1}<\beta_{2}\leq\beta_{1}+1,1<p_{2}<p_{1}<\infty,$ $p_{1}p_{2}\geq p1+p_{2}$ .






Lemma 1(Nakai and Yabuta [7]) $\phi,$ $P$ (1) $\sim(\mathit{4})$ ,
$f_{a}(X)= \int_{d(a,x\rangle}^{1}\frac{\phi(a,t)}{t}dt$
, $f_{a}\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)$ , $\exists C>0,$ $\forall a\in Xs.t$. $||f_{a}||_{\mathrm{b}\mathrm{m}}0_{\phi,\mathrm{p}}\leq C$.
Lemma 2 $\exists C>0,$ $\forall f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\emptyset,p}(x),$ $\forall Bs.t$.
$( \frac{1}{\mu(B)}\int_{B}|f(x)|^{p}d\mu)^{1}/p\leq C||f||_{\mathrm{b}\mathrm{o}}\mathrm{m}\phi,p(\Phi*(B)+\Phi**(B))$ .
Lemma 3 $\exists C_{i}>0(i=1,2,3),$ $\forall B,$ $\exists f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi,\mathrm{P}}(x),$ $\exists E\subset Bs.t$.
$f(x)\geq C_{1}(\Phi^{*}(B)+\Phi^{**}(B))$ , $x\in E$ ,
$||f||_{\mathrm{b}\mathrm{m}}\circ_{\phi,\mathrm{p}}\leq C_{2}$ , $\mu(E)\geq C_{3}\mu(B)$ .
$E$ $B$
Lemma Lemma 1









$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1},(p_{1}x),$ $\mathrm{b}\mathrm{m}\mathrm{o}\phi_{2},p_{2}(X))\subset L_{\phi_{2}/\phi_{1,p2}}(X)$ (12)
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$g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1},(p1x),$ $\mathrm{b}\mathrm{m}\mathrm{o}\phi_{2},p2(X))$ $f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1,p_{1}}(X)$








$( \frac{1}{\mu(B’)}\int_{B’}|g(_{X)}|^{\mathrm{P}}2d\mu)^{1/p2}\leq C\frac{\phi_{2}(B)}{\phi_{1}(B)}||g||_{op}\leq c\frac{\phi_{2}(B\prime)}{\phi_{1}(B’)}||g||op$ .
$||g||L_{\phi_{2/\phi_{1}}},\mathrm{p}_{2}\leq C||g||_{op}$ .
2 ,
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1,p\text{ }}(x), \mathrm{b}\mathrm{m}\mathrm{o}_{\phi 2}(X))\subset \mathrm{b}\mathrm{m}\mathrm{o}\phi 3(X)\cap L_{\psi}/\phi\text{ },\mathrm{P}2(2)X$ (13)
$g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}\phi_{1p\text{ }},(x),$ $\mathrm{b}\mathrm{m}\mathrm{o}\phi_{2}(X))$ $f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{1},p}(\text{ }X),$ $g\in L_{\phi_{2}/\phi_{1p}},(2X)$
$fg\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2}}(X)$ Lemma 4
$\sup_{B}\frac{|f_{B}|}{\phi_{2}(B)}\frac{1}{\mu(B)}\int_{B}|g(X)-g_{B}|d\mu<\infty$ .
Lemma 3 $\forall B,$ $\exists f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1,p1}(x)\mathrm{s}.\mathrm{t}$.




$\leq C(||g||_{\mathit{0}}p+||g||_{L}\phi 2/\phi_{1p},2)\leq C||g||\mathit{0}_{\mathrm{P}}$ .
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$||g||_{\mathrm{b}}\mathrm{m}\mathrm{o}\phi_{3^{+}}||g||_{L}\phi 2/\phi_{1},\mathrm{p}_{2}\leq C||g||_{\mathit{0}_{p}}$ .
3 ,
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(1,p_{1}X),$ $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{2}}(X))\supset \mathrm{b}\mathrm{m}\mathrm{o}_{\phi 3}(X)\cap L_{\phi/\emptyset}21,\mathrm{p}_{2}(X)$ (14)




Lemma 4 $fg\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi 2p},2$
$g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi 1p_{1}},(x),$ $\mathrm{b}\mathrm{m}\mathrm{o}\phi_{2}(X))$ .
Lemma 4
$||fg||_{\mathrm{b}\mathrm{o}_{\phi_{2}}}\mathrm{m}\leq C||f||_{\mathrm{b}\mathrm{m}\circ}\emptyset\text{ ^{}p},\text{ }(||g||_{\mathrm{B}}\mathrm{M}\mathrm{O}_{\psi_{3}}+||g||_{L}\phi 2/\phi_{1\mathrm{p}_{2}},)$ .
$||g||_{\mathit{0}}p\leq o(||g||_{\mathrm{B}}\mathrm{M}\mathrm{o}_{\phi_{3}}+||g||_{L}\phi 2/\phi_{1p},2)$ .
$\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{3}}(X)\cap L_{\phi_{2}/\phi 1,p2}(X)=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(3X)\cap L_{\phi_{2}/\emptyset}1(x)$ ,
$C^{-1}\leq(||g||_{\mathrm{b}}\mathrm{m}\mathrm{o}\phi_{3^{+}}||g||_{L}\phi 2/\phi_{1},\mathrm{p}2)/(||g||_{\mathrm{b}}\mathrm{m}\mathrm{o}\phi_{3^{+}}||g||_{L}\phi 2/\phi_{1})\leq C$
Theorem 1
2 $1/p_{1}+1/p_{3}=1,1/p_{1}+1/p_{4}=1/p_{2}$ 1 (12)




$\subset \mathrm{b}\mathrm{m}\mathrm{o}_{\phi 3}(x)\mathrm{n}L\phi_{2/}\emptyset 1,p_{3}(x)$ .
3 (14)
$PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{1,p1}}(X), \mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(2,p2X))\supset \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{3,p}2}(x)\cap L_{\phi 2/\phi_{1}},(p_{4}X)$ .
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John-Nirenberg
$\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{3}}(x)\cap L_{\phi 2}/\phi_{1},p3(x)=\mathrm{b}\mathrm{m}\mathrm{o}\phi_{3,\mathrm{P}2}(x)\cap L_{\phi 2}/\phi 1,p_{4}(X)=\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{3}}(X)\cap L_{\phi/}\phi 1(2X)$
3 Lemma 4 $p_{3}=\infty$ $C^{-1}\leq\phi_{1}/\phi_{2}\leq C$ ,
$L_{\phi_{2}/\phi_{1}},p3(X)=L^{\infty}(X)$ , 2
4 Proposition
Proposition 1 $1\leq p_{1},p_{2}<\infty$ $\phi_{1}$ (1)$\sim(\mathit{4})$ , $\phi_{2}$ (1)
$X_{0}= \{x\in X:\int_{r}^{1}\frac{\phi_{2}(x,t)}{t}dt/\int_{r}^{1}\frac{\phi_{1}(x,t)}{t}dtarrow 0(rarrow 0)\}$
$g\in PWM(\mathrm{b}\mathrm{m}\mathrm{o}_{\phi}(1,p_{1}x),$ $\mathrm{b}\mathrm{m}\mathrm{o}\phi 2,p2(X))$ $g(x)=0_{a}.e.X0$ .
3
Theorem 5 $\phi$ (1) $x\in X$
$\int_{0}^{d(x,y)}\frac{\phi(x,t)+\phi(y,t)}{t}dtarrow \mathrm{O}$ as $d(x, y)arrow \mathrm{O}$ (15)
, $f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)$ $x\in X$ $\phi$ (1)$\sim(\mathit{4})$
(15) 2 $x\in X$ $f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi,\mathrm{P}}(X)$
Theorem 6 $\phi$ (1)$\sim(\mathit{5})$ ,
$\int_{0}^{d()}x,y\frac{\phi(x,t)}{t}dt\leq C\emptyset(x, d(X, y))$ , $x,$ $y\in X$ (16)
, $\mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{\mathrm{P}}},(x)=\Lambda_{\phi}(X)(1\leq p<\infty)$
5 [7] Lemma 24 Lemma 261
$|f(_{X})-f(y)| \leq C\int_{0}^{d(}x,y)\frac{\phi(x,t)+\phi(y,t)}{t}dt||f||\mathrm{B}\mathrm{M}\mathrm{O}_{\phi,\mathrm{p}}$ (17)
, $a_{n}arrow a,$ $d(a, a_{n+1})\leq d(a, a_{n})/(2K1)$ ,
$f_{n}(x)= \max(0,$ $\int_{d(ax)}^{d(,a)}n,\frac{\phi(a_{n},t)}{t}an/(9K_{1}^{4})dt)$
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, $f= \sum f_{n}\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi_{\mathrm{P}}},(x)$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}f_{n}\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}fn+1=\emptyset$ 9
$f(x) \geq C\int_{9K_{1}}^{d(}4an’ a)d(an’ x)\frac{\phi(a_{n},t)}{t}dt$ for $x\in B(a_{n}, d(a, a_{n})/(9K^{4})1)$
6 $f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)$ , (16) (17)
$|f(x)-f(y)|\leq C(\phi(x, d(x, y))+\phi(y, d(y, x)))||f||_{\mathrm{B}}\mathrm{M}\mathrm{o}_{\phi,p}$ .
$\mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)\subset\Lambda_{\phi}(X)$ , $||f||_{\Lambda_{\phi}}\leq C||f||\mathrm{B}\mathrm{M}\mathrm{O}_{\phi,p}$ .
$f\in\Lambda_{\phi}(X)$ , $x,$ $y\in B(z, r)$ $|f(x)-f(y)|\leq C\phi(z, r)||f||_{\Lambda_{\phi}}$
$( \frac{1}{\mu(B(z,r))}\int_{B(z,r)}$ $|f(x)-fB(z,r)|\mathrm{P}d\mu(_{X}))^{1/p}$
$\leq(\frac{1}{\mu(B(z,r))}\int_{B(z,r)}$ ( $\frac{1}{\mu(B(z,r))}\int_{B(z,r)}$ $|f(x)-f(y)|d\mu(y)$) $p\mu d(_{X})$)
$1/p$
$\leq C\phi(z, r)||f||\Lambda_{\phi}$ .
$\Lambda_{\phi}(X)\subset \mathrm{b}\mathrm{m}\mathrm{o}_{\phi,\mathrm{P}}(X)$, $||f||_{\mathrm{B}}\mathrm{M}\mathrm{O}_{\phi,p}\leq C||f||_{\Lambda}\phi$ .
Lemma 1
$f_{a}(x)= \int_{d(a,x}^{1})\frac{\phi(a,t)}{t}dt\in \mathrm{b}\mathrm{m}\mathrm{o}_{\phi,p}(X)=\Lambda_{\phi}(X)$
, $d(a,y)\leq d(a, x)$
$\int_{d()}^{d(x)}a,y\frac{\phi(a,t)}{t}dt=a,|f_{a}(_{X})-f_{a}(y)|$
$\leq C(\phi(x, d(x,y))+d(y, d(y,x)))\leq c\phi(y, d(y, x))$ .
$d(a, y)\leq d(x, y)/(2K_{1})$
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